MULTIPLICITY OF THE LOWEST EIGENVALUE OF 
NON-COMMUTATIVE HARMONIC OSCILLATORS 



FUMIO HIROSHIMA AND ITARU SASAKI 



Abstract. The multiplicity of the lowest eigenvalue E of the so-called non-commutative 
harmonic oscillator Q(a, (3) is studied. It is shown that E is simple for a and (3 in some 
region. 

1. Definition and main results 

Recently a special attention is payed to studying the spectrum of self-adjoint operators 
with non- commutative coefficients. It is considered not only as mathematics but also 
physics experiments. A historically important model is the Dirac operator, and the 
Rabi model and the Jaynes-Cumming model are prevalent in cavity QED. See |HH12] 
and references therein. The non- commutative harmonic oscillator is a quantum system 
defined by the Hamiltonian: 

where A = ? J , J = ( !? „ J , and a, j3 > parameters with a(3 > 1 . Operator Q 



o PJ' V 1 °, 

defines a positive self-adjoint operator acting in the Hilbert space Ti = C 2 ® L 2 (R). 

The non-commutative harmonic oscillator Q has been introduced by Parmeggiani 
and Wakayama |PW011 IPW02a| IPW02bl IPW03] . and the spectral property of Q is 
considered in |Par04t IPar06t IPar08a] from the pseudo-differential-calculus point of view. 
It can be seen that Q has purely discrete spectrum Ai < A 2 < ■ ■ • < A n < • • • t oo, where 
the eigenvalues are counted with multiplicity. One can define the so-called spectral zeta 
function associated with Q as 

oo - 

c Q ( S ) = E A 7- 

n=l " 

When a = (3, Q is unitarily equivalent to the direct some of harmonic oscillators, and 
^2m-i = A 2m = \J a 2 — \{m + |), and thus (q with a ^ f3 can be regarded as a q- 
deform of the Riemann zeta-f unction. Analytic properties of the spectral zeta-function 
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is studied in |IW05aj IIWQSbl IIW07| IKW06} IKW071 IKY09] . Furthermore it is also known 
that the set of odd eigenvectors of non-commutative harmonic oscillator is deeply related 
to the set of some solutions of the Heun differential equation |IW05bt IQchOlt IOch04j : 

d 2 f | n-n | -n | n + 3/2 \ d f | -{3/2)nw - q f _ Q 



dw 2 \ w w — 1 w — a J dw w(w — l)(w — a)' 

where n 6 N U {0}, a G C with |a| < 1 and q G C. 

In this paper we concentrate on the study of the lowest eigenvalue Ai of Q. We set 

E = X l (1.2) 

and p = —id/dx. In particular we are interested in determining the dimension of 
Ker(Q — E). The eigenvector associated with the lowest eigenvalue is called the ground 

- . -i:: 

with 

1 a 2 - 1 

h = \v 2 + ^x 2 , (1.3) 

where = denotes the unitary equivalence. Then all the eigenvalues of Q(a, a) are two- 
fold degenerate. In particular, its lowest eigenvalue 



E = -Vo^l (1.4) 

is two-fold degenerate. In the general case, a ^ (3, the so-called Ichinose-Wakayama 
bound is established in |IW07] : 



(j ~ I) min{«,/3}^^ < \ 2 j-i < A 2j < (j - max{«,/3}^^ (1.5) 

for j G N. By this inequality we see that the multiplicity of E is at most two if /3 < 3a 
or a < 3/3. 

Furthermore beyond above results one may expect that E is simple for a ^ (3. In 
[NNW02] it can be numerically shown that E is simple for a ^ (3 and, in [Par04] the 
simplicity is proven but only for sufficiently large af3. It is then mentioned in |Par08bl 8.3 
Notes] that the determining the multiplicity of the lowest eigenvalue should be explored. 

In this paper we show that 

(a) : E is at most twofold degenerate for (a, (3) G (2, oo) x (2, oo), 

(b) : E is simple for some region of a and f3. 

In order to prove (a), we apply the method in [Hir05j . where the so-called pull-through 
formula |GJ68] is a key. The second result (b) consists of two estimates. The first is for 
large |/3 — a| and the second for small |/3 — a| but a ^ (3. The first case is proven in 
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a similar manner to (a) and the second by the regular perturbation theory of discrete 
spectrum. 

Let = Ker(Q — E) be the set of ground states. Let L + C L 2 (IR) (resp. L_) be the 
set of even functions (resp. odd functions). We define %± = C 2 <g>L±. Since Q conserves 
the parity, Q is reduced by %±. Set Q\%±— Q± an d then Q = Q + © Q_. 

Theorem 1.1. Suppose that (a,/3) G (2, oo) x (2,oo). Then dimW < 2 and <$ C H + . 
I.e., the multiplicity of E is at most two and ground states are even functions. 

We can furthermore show that E is simple. 

Theorem 1.2. Suppose (3 > a > 2 and 

->(-P-e) -^— + ^—. (1.6) 
2 V 2 J « 2 -l a 2 -I K J 

Then E is simple. 
Condition ( II. 6p includes the implicit value E. Let 



_ Tjaf3^Jaf3 - 1 

Supper 



a + (3+\a- (3\ {a ^ 1/4 Rep 



where p 2 = y/a/3 — 1 — i with Recu > 0, i.e., Rep = \j v^^( A / Q; ^ + — )^ B ounc [ 

E < -Eupper holds. See |Par08bt Theorem 8.2.1]. Combining this with (II. 6p we have the 
corollary: 

Corollary 1.3. Suppose f3 > a > 2 and 

1 fl „ _ V 2 1 



T/ien .E zs simple. 



2 >l- 2 B-E, w „ (1.7) 



Theorem 11.21 does not valid for (a, /3) in a neighborhood of the diagonal line on a — (3 
plane. See Figure [H We can also however show that E is simple for a and (3 in a 
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Figure 1. The region satisfying (jl.7p 
(The case of a > (3 is also drawn.) 

neighborhood of the diagonal line. We define gi, g± by 



g^ia-l)- 1 3 



92 
93 

94 



\/ct 2 — 1 2 
#1 



2| v / « 2 -l-A 2 

a 

(VcT^I) 3 / 2 
4a 3 / 2 ' 



(1.8) 

(1.9) 
(1.10) 
(1.11) 



Theorem 1.4. Let e = (5 — a. Assume that (3 > a > 1, \J fi 2 — 1 < 3v 'a 2 — 1 and 
£ 2 # 2 < 1/2. lei 

«(e) = E gl + £<7 2 (£ £i + ^3 + 9a) + e 2 2E Q g\g 2 + e 3 2E g ig l (1.12) 
e(e) = (l-e 3 g 2 )y/l-2e*g*. (1.13) 

T/ien 



|Ai- A 2 | > ^A(#4 - e«(e)) 



(1.14) 
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Figure 2. A wedge-shaped region included in the region satisfying 

e«(e) < g 4 

In particular when £k(s) < g^, E is simple. 

Note that we know the bound A2 < f ^^g 1 by the Ichinose-Wakayama bound. Then, 
the region of a, (3 satisfying ek(e) < #4, includes a wedge-shaped region illustrated in 
Figured], where we also drew the case of a > /?. 

2. Proofs of theorems 

2.1. Proof of Theorem 11.11 In the following we omit the symbol ® for the notational 
simplicity, and we can suppose that a < (3 without loss of generality. Let 

*=Ki ;) (p2+i2 - i) ' 

The spectrum of iV is cr(N) = {0} U N and the multiplicity of each eigenvalues. Let 

a = —i=(x + ip) and a* = —^=(x — ip). They satisfy canonical commutation relations 
v 2 v 2 

[a, a*] = 1 and [a, a] = [a*, a*] = 0, and we have a* a = N 

Proof of Theorem \l.l\ In terms of a and a*, the operator Q can be realized as 

Q = a*Aa+ -A + -(aJa- a* J a) . (2.1) 

Let (fig e £f . We have (Q — E)a(p g = [Q, a]ip g . Since [Q, a] = — Aa + Ja* by canonical 
commutation relation, we have (Q — E)aip g = (—Aa + Ja*)ip g and then (Q — E+A)a<p g = 
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JaVg. Notice that Q - E + A> a > 0. We have 

ap g = (Q - E + A)- 1 Ja*<p g . (2.2) 
Taking the norm on both sides above, we have 

lla^gf < ^allaVgll 2 - ( 2 - 3 ) 
Since ||a9?g|| 2 = (ip g ,Nip g ) and ||a*f2|| = (<p g ,N<p g ) + \\(p g \\ 2 , we see that 

(<p g ,Ntp s )<-^-j\\<p e \\ 2 . (2.4) 

Let P n be the projection onto ker N = ker a. Note that N + P u > 1. Let W = Sf+ © Sf_, 
where Sf± = ^ D 7/±. Let be the projection onto £f±. Then, by (12 .4p . we have 



P+P n P+ > P+(l - iV)P+ > (i - ^37) p+ - 



(2.5) 



Taking the trace of both sides, we have 

a 2 -2 
a 2 - 1 

Thus we have the bound 



2 > Tr(P + P n P+) > — 7 TrP + (2.6) 



a 2 - 1 

dimkerP+<2— . (2.7) 

a 2 — 2 

Then the right hand side above is less than three for a > 2. Then dim£f + < 2. Similarly 
but replacing P + with P~, we can also see that 

P-PnP- >P-(l-iV)p- > (l--^—\p-. (2.8) 

Note that P~P^P~ = 0, since P^ is the projection to the set of even functions. Then 
we have 

a 2 - 2 

= Tr(p-PnP-) > — — TrP-. (2.9) 
cr — 1 

In particular for a > a/2, the dimension of £f_ equal to zero. Then the theorem follows. 

□ 

2.2. Proof of Theorem 11.21 In this subsection we show that the lowest eigenvalue is 
simple. The strategy is parallel with that of previous subsection but P + is replaced by a 
projection R with the dimension of RanR = 1. Let a±, 02, 03 be the 2x2 Pauli matrices 
given by 

-f!i). -(^y -fro- <-°> 
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Proof of Theorem \1.2i The Hamiltonian Q can be written in the form: 

Q = ^A(p 2 + x 2 ) + ^a 2 {px + xp). (2.11) 

We set M — 1(1 + a 3 ) = ° Q J , M L = |(1 - a 3 ) = ^ and R = M L P Q . Then 
we have 

(Q - E)Rcp g = M L [Q,P n ]ip s + [Q,M L ]V a <p s . (2.12) 
The commutator [Q, M x ] can be computed as 



Thus we have 



[Q,M L ] = --(aa-aV)o-i. (2.13) 



[Q, R] = M ±l -a 2 [aa - a* a*, P n ] + -a*aViP n , (2.14) 
where we used the fact that aPn = 0. Hence we have 

(Rip g , (Q - E)Rip g ) = ^v9 g , ^RM ± a 2 [aa - a*a*, Pn]<Pg^ + ^ (<Pg, Ra*a*eriPn<£> g ) 

= - (<p g , Ra 2 a 2 cp g ) . (2.15) 

On the other hand R(Q - E)R = - E) R 2 . Then (P23D and ||a*R^ g || = ||R^ g || yield 
that 

\P- E ^J llR^gll 2 < ^l|a*R^g||||o-2a^g|| < -^===||Rpg||||p g ||. 



Therefore 

l|Rrf<(i/5-s)"^llrf. 

Since M + M 1 = 1, it holds that P Q M + R + N > 1. Then, by using (ED we have 
P(P n M)P > P(l - P Q M L -N)Y=\l-(\p-E 



1„ „\~ 2 1 1 



a 2 - 1 a 2 - 1 

where P = P + + P~ is the orthogonal projection onto Taking the trace of both sides 
above, we have 

and the theorem follows. □ 
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2.3. Proof of Theorem II. 4L Recall that e = (3 — a. In this section, we fix an arbitrary 
a > 1 and set 

Q(a,P) = Q = Q(e) = Q + eV, (2.16) 
where Q = Q(a, a) and V = \ ^ ^ (p 2 + x 2 ). 
Lemma 2.1. For all $ G D(Qq), it follows that 

\\Vn <(a- ly'WQoM + ^(a - (2.17) 

Proof. One can show that || (px + xp)u\\ 2 < \\ (p 2 + x 2 )u\\ 2 + 3||u|| 2 . Since a\ = 1, we 
have 

WW >«ii^(p 2 + x 2 )$n - \\^(px + x P )n 



>a\\\{p 2 + x 2 )n - 1 {\\(p 2 + * 2 )$|| 2 + 3||$|| 2 ) 1/2 



and hence 



HQo^ll^^ll^ + ^ll-^PII. (2.18) 

Noticing ||V$|| < ±||(p 2 + x 2 )$|| we have the bound fl2TT7l) . □ 

By (jl.5p or the sandwich estimate Q(a,o;) < Q(a,f3) < Q(j3,j3) we see bounds: 
^± < Ai < A 2 < ^>E± an d §Vo7^1 < A 3 . When ^ff^l < 3y/aF=T, Q has 
exactly two eigenvalues in the interval \yja 2 — 1, |-\//3 2 — 



Let C be the closed disk 



centered at 1 with the radius 1 in the complex plane: 

, V« 2 - 1 , ie ^ 
C = < h re e 



2 

Thus Q has exactly two eigenvalues, Ai and A 2 , inside of C. 
Lemma 2.2. It follows that ||V(<2o — z )~ 1 \\ — 9i f or a ^ z e dC 



Jrfi - 1 

< r < , < 6 < 2tt } . (2.19) 



Proof. By Lemma [2.11 we have 

iiv(Q - *) _1 n <{a- lr'WQoiQo - *) _1 n + ^ - ihkqo - «r i n. (2.20) 



Since the eigenvalues of Qo are {(|+n)-y/a 2 — 1}^L we have sup^ g9c ||Qo(Qo — z ) 1 1 1 = 
3 and sup^ 69c ||(Qo — ^) _1 || = 7^3f- Then the lemma follows. □ 
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The two-dimensional subspace spanned by eigenvectors associated with eigenvalues 
Ai and A 2 is denoted by & . The orthogonal projection onto & is then given by 



P = P{e) = J> (Q- z)~ x dz. (2.21) 

*™ Jac 



'dC 

We expand P(e) with respect to e up to the second order: 

P = P + ePx + e 2 R, (2.22) 
where Pq is the orthogonal projection onto the ground states of Qo and 



2vrz J dc 



(2.23) 



R = R{e) = I (Qo - z)~ l V(Q - Z y l V{Q - z)~ l dz. (2.24) 

27TZ J dC 

Lemma 2.3. We have \\R\\ < g 2 and \\VPi\\ < E gf. 
Proof. By Lemma [2.21 we have 



I CI MT ,,^. \-in2ii/^ \-in Va 2 — 1 



\\R\\ < V 1 su p \\v(Q - zrYMQ - zr'W < ^—glWiQ - v^-THl- (2.25) 



Since A 3 > |Va 2 - 1, we have \\(Q - \/o: 2 - 1) _1 || = |A 2 — V« 2 - 1| 1 - Hence < g 2 
holds. Similarly one can prove the second bound. □ 



Let Vo E L 2 ($L) be the normalized ground state of h = \p 2 + " 2 2 1 x 2 . Namely 

/ — 1"\ 1/74 

V (x) = ( iSLJZl) e -v^T, 2 /2. (2 . 26) 



7T 



Let S a be the dilation defined by S a f(x) = -^f(ax) for a > 0. We define the unitary 
operator £/ on H by 



1 „ / e " 2 /( 2Q ) A /l 



17 = 71^ { e-^.J(l ij" < 2 - 27 > 

Then UQ U* = ^ and vectors u\ = U* and u 2 = U* are two 

ground states of Q(a, a). Since P is a projection onto each of the ground state and 
the first excited state can be expresses as a linear combination of Pu\ and Pu 2 as long 
as both Pu\ and Pu 2 are linearly independent, which is proven in the lemma below: 

Lemma 2.4. Assume that e 2 g 2 < 1. Then Pu\ and Pu 2 are non- zero vectors. Moreover, 
if e 2 g 2 < 1/2, then Pu\ and Pu 2 are linearly independent. 
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Proof. By fl2T22|) we have 

\\P Ul \\ 2 = 1 + e (ui, P1M1) + e 2 (iti, itoi) • (2.28) 
The second term on the right hand side above is zero, since 

(u 1} P lUl ) = / ._ 1 . 2 fe(m,^i) = 0. (2.29) 
2m / 9C (P - zj 

Hence ||Pwi|| 2 > 1 — e 2 g\ > holds by Lemma [2.31 and the assumption. Thus Pv,i(i = 
1,2) are non-zero vectors. Next we assume that e 2 g 2 < 1/2. Then we have 

llPrnfUP^f - | (P Ul , Pu 2 ) | 2 > (1 - e 2 g 2 ){l - e 2 g 2 ) - e A g\ 

= 1 - 2e 2 g 2 > (2.30) 

which implies that Pu\ and Pu 2 are linearly independent. □ 

Lemma 2.5. Let g% and g$ be given in and respectively. Then it follows 
that where we used the bound 

\\VuiW < 9l E , z = l,2, (2.31) 

\{u 1 ,Vu l )\ =g 3 , (2.32) 

I (ui, Vu 2 ) | < (2.33) 

Proof. (I2.3ip follows from 



II^H < ||V(g -v / ^T)^ 1 ||||(go- v/^TKII < ^P . (2.34) 

The proofs of f !2.32j) and ( I2.33|) are given in Appendix. □ 
Proof of Theorem Suppose that e 2 g 2 < 1/2. We define 

*i = Phv ^ = ^^il^i- (2.35) 

|Pui ' \\PU2- ($1,U 3 )$1 



Then, by Lemma l2~4l $i and $2 are orthogonal vectors in j^". Let ^ = L.if.{<&i, $2} be 
the two dimensional vector space and Q : 'f — > can be regarded as a linear operator 
and its matrix representation is given by 



($2,Q$l) ($2,Q$ 2 ), 

Thus the eigenvalues Ai and A2 of Q are also the eigenvalue of m. Therefore, the 
difference of Ai and A2 can be computed by 

(A 2 - AO 2 = (($!, g$i) - ($2, Q$ 2 » 2 + 4| ($!, Q$ 2 > I 2 , (2.37) 

which implies that 

|A 2 -Ai| > 2|($i,Q$ 2 )|. (2.38) 
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We estimate | ($i,Q$2) | from below. Inserting the definition of into (§i,Q§j) we 
have 

{ u Q 2) " ||P^|| 3 ||P M2 -(P M i,P M2 )PVII^ill 2 ll' ( } 

Notice that 

(P Ui , QP Uj ) = (Pu h Qu ) = Eodij + £<V%- + e 2 {E {R) ij + (PiV%-) + e 3 ^)^, 
where (i^)ij = (ui,Kuj). We see that the denominator of ( 12.391) is expanded as 
ll-PuJHHPuifPua - (Pu 1 ,Pu 2 )Pu 1 \\ 



= (1 + £ 2 (P>ii)^(l + 5 2 (P) n )(l + £ 2 (P> 22 ) - ^ 4 |(P)i 2 | 
By the bound ||P|| < ^2 we have the lower bound 



\\Pu l \\\\\\Pu 1 \\ 2 Pu 2 - (Pu 1 ,Pu 2 )Pu 1 \\ >(l-e 2 g 2 )^/l-2e 2 gl (2.40) 
The numerator of (I2.39|) can be also expanded as 
(P Ml! Q(||P Ml || 2 P M2 -(P Ml ,P M2 )P Ml )) 

= e(V} 12 + e 2 (P 1 V} 12 + 5 3 ((PV)i 2 + (V} 12 (R}n - (R) 12 (V) n ) 
+ e 4 ((P 1 V) 12 (R) n - (R)u{PiV)ii) + e 5 {{R)ii(RV) l2 - (R) l2 (RV) l2 ). 

By using Lemmas 12.31 and 12.51 each term can be evaluated as 
e 2 \(P 1 V) 12 \<e 2 E g 2 1 

e 3 1 (RV) 12 + (V) 12 (R) n - (R) 12 (V) u | < £ 3 (P £iS 2 + <7 2 <?4 + 929s) 
s A \(PiV) 12 (R) n - (R) 12 (P 1 V) 11 \ < e A 2E g 2 g 2 
e 5 \(R) 11 (RV) 12 - (R) 12 (RV) 12 \ < e 5 2E o9l g 2 2 . 

By combining all the estimates stated above, we have 

|Ai-A 2 | > (g 4 -e«(e)) , (2.41) 



where £(e) = (1 — e 2 g 2 )\/\ — 2e 2 g 2 . Hence the theorem follows. □ 
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Appendix A. Computation of (V)^ 

We recall that v = (w/tt) 1 /^"^ 2 / 2 with u = V« 2 - 1, 7=|fJ ^ (p 2 + x 2 ) and 
C/ is given by (12.271) . We directly see that 
UVU' 1 

1 c A^ /2a \ A -A /0 0\ A l\ /2 2 . / e -« a /2a o \ _ 
~ 4 ^ V e -** a /2a] ll i i lo 1 i U -i [P +X H e ix2 ' 2a ) lA/5 



Then we have 



(^™1l4'*f t 4""* (L1) 



^ , CW" 1 (f) \ = -I e »V2a /V + ^2 j e «3/2a_ ( L2 ) 



a 



Lemma A.l. It follows that (u\, Vu\) = —, and then \ (ui, Vui) \ = g%. 
Proof. By (11. ip we have 

I A, .- 2 / 2 f £ , P -^\ = i / / (p - *) 2 



<U!, V^tii) = - ^o, e M 11 ( ^ + ax 2 J e"^ 2 ^ = - + «x 2 ) ^ 

Since (u , (px + xp)v ) = 0, we obtain that 

Viti) = - (v , ( P +X + ax 2 )v ). 



4 \ V « 

By (vo,x 2 v ) = l/(2u) and (v ,p 2 Vo) = uj/2 we have (ui,Vui) = a/(4w). □ 

w 3/2 

Lemma A. 2. It follows that (ui, Vu-i) = (uj — i) ' 2 . In particular I (ui, VU2) I < 

4a 

a; 3 / 2 
4a 3 / 2 ' 

Proof. By ( 11.2D we have 



Vu 2 ) = -\ A , e- 2 / 2 + a* 2 ) e» 2 / 2 ^ 



■— ((-i - u)xe ix2/2 v , (i - u)xe ix2/2 vo) - — (v , x 2 e ix2 y 
4a \ I 4 \ 



-^-((w - i) 2 + a 2 ) (v , x 2 e ix2 v^ . 
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Since (v ,x e lx v \ = (u/ti) 1 f x e {uJ l)x dx = -u 1 (u-i) 3/2 , we have the lemma. 
\ ' Jul 2 

□ 
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